On Nature of Right- Handed Singlet in 331 Model and Anomalies 

before and after SSB 



(N 
3 



T. Kiyan, T. Maekawa, M. Masuda and H. Taira 
Department of Physics, Kumamoto University, Kumamoto 860-8555 Japan 

Abstract 

O ■ The gauge invariant and anomaly-free 331 model is studied with gauges in 

order to see which of the right-handed singlet between the case (i), assigning the 
bosonic singlet to the counterpart of 3 and 3 representations, and the case (ii), as- 
signing fermionic siglet to the counterpart of the left-handed 3 representation and 
assigning the antifermionic singlet to that of the left-handed 3 representaion, should 
y—i ' be assigned in physics but not mathematics to the counterparts of the left-handed 

CN ■ fundamental 3 representation and the left-handed complex conjugate 3 representa- 

, tion. It is shown that through an effect on the Yukawa interaction of the transfor- 

| mation property of the singlet it depends on the choices of the case (i) or the case 

(ii) whether the anomaly coefficients even after the spontaneous symmetry break- 
ing (SSB) vanish or not, and the coefficients vanish only in the case (ii) but do not 
\& \ in the case (i). Furthermore, it is pointed out that the BRS invariance after the 

SSB holds for the case (ii) and (i-b) of two possibilities in the choice for the mass 
. eigenstates in the case (i) and thus the BRS invariance does not necessarily ensure 

| renormalizability of the theory though the inverse of it holds. 

a: 

1 Introduction 

43 ■ 

@ Since the success of the standard model (SM) in physics below a few hundreds GEV, 
various extensions of the model based on the local gauge group are studied by many 
authors [0-0 in order to understand some unanswered questions in the SM. Each of 
them is constructed covariantly on a local gauge group and then to be anomaly-free 
as well as renormalizability in the stage of the starting Lagrangian before the SSB. In 
particular, the 331 model is constructed on the gauge group SU(3)c <S> SU(3)l <S> U(1)n 
|U and has a property that the number of families is required to be a multiple of three to 
cancel anomalies 0. Anomalies do not cancel out within each family in contrast with the 
case of the SM but rather cancel out when contributions from all three families are taken 
into account for the quark sector. 

In the 331 model as well as in similar models, the representation (1, 3, 0) is assigned to 
the left-handed leptons and (1, singlet, y^) to the right-handed ones in three families. On 
the other hand, the representation (3, 3,-1/3) is asigned to the left-handed quarks in the 
first and second families and the representation (3,3,2/3) is assigned to the left-handed 
quarks in the third family, while the representation (3, singlet, j/jy) is assigned to the right- 
handed counterparts. There is no problem on an interpretation of the SU(3)l singlet in 
the lepton sector because only the fundamental representation is used for assignment and 
thus the right-handed singlet of the counterpart of the left-handed 3 may be considered 
to be determined uniquely as the scalar under the fundamental representation. Also no 
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problem occurs in the quark sector if only the fundamental or complex conjugate repre- 
sentation is used for assignment to the left-handed quarks because then the "singlet" may 
be interpreted as the scalar under the assigned one of the representation. However, in the 
quark sectors in the model the representations "3" and "3" are assigned to the left-handed 
quarks. Then, there are several possibilities on an interpretation of the singlet. One of 
them is usually adopted as a mathematical scalar which means the scalar under both of 
the 3 and 3 representations or independent of the 3 and 3 representations^]. In the rep- 
resentation theory of SU(3), the scalar can be expressed in several configurations and one 
configuration can be rewritten into another one mathematically but each configuration 
should be considered to exhibit a physical object such as the color singlet in the quark 
model, i.e., bosonic singlet consisting of color and anticolor or fermionic singlet consisting 
of three colors (antifermionic singlet of three anticolors). The color singlet boson is differ- 
ent from the color singlet fermion physically but these configurations can be transformed 
into each other mathematically. The "singlet" in the above assignment may be apriori 
any one among a bosonic singlet, fermionic or antifermionic singlet because the singlet 
is not a composite and may be a "scalar" independent of the content. It is, however, 
important for us to determine the kind of the singlet because it has an effect on the form 
of the Yukawa interaction whether the bosonic or fermionic (antifermionic) singlet is 
adopted and further it depends on the nature of the singlet whether the triangle anomaly 
coefficients || disappear or not after the SSBf?|. 

In a previous article||, it is pointed out in the case of the 331 model without gauge fix- 
ing that even though the starting Lagrangian has gauge invariant and thus renormalizable 
form the renormalizability after the SSB is not necessarily guaranteed if the content of 
the singlet assigned to the right-handed quarks is not taken into account. This is because 
in the 331 model the representations (3, 3, y^) and (3, 3, y' N ) of SU(3)c ® SU(3)l <8> U(1)n 
are assigned to the left-handed quarks in the families, while we have two possibilities 
for the assignment of the representations to the right-handed quarks, i.e., (i) (3, 1,Vn) 
for all right-handed quarks, and (ii) (3, 13,2/jv) and (3, I&i/n) for the fermionic and an- 
tifermionic singlets. The case (i) means that the "1" of SU(3)l is independent of whether 
this state is accompanied with 3 or 3 of SU(3)l and many authors]]] except for us adopt 
this possibility as far as we know. The case (ii) means that there exist the fermionic and 
antifermionic singlets, where "I3" is only the scalar with respect to the transformation of 
the fundamental triplet and "lg" is only a scalar with respect to the transformation of 
the complex conjugate representation corresponding to the fermion and antifermion with 
respect to the color quantum number in the quark model, respectively. These two cases 
bring about no different results except for the Yukawa interaction of the quarks with the 
scalar fields but it is definitely important for us to distinguish these possibilities in order 
to construct the Yukawa interactions in the starting stage of the weak interaction bases. 
Through the Yukawa interaction, the quark fields get their masses after the SSB0 and the 
mass eigenstates (physical fields) are given in terms of the linear combination of the weak 
interaction bases (fields with superscript 0). If the case (i) is adopted, the mass eigen- 
states through the interactions need the mixing of the left-handed quarks belonging to the 
different representations in order to avoid a flavor change (the case (i-a)) or no- mixing 
to forgive a flavor change through an interaction with vacuum (the case (i-b)). These 
mixing or no-mixing brings about nonvanishing effect of the triangle anomalies through 
the interactions of the quark current with the gauge bosons and in the former case the 
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flavor changing neutral current (FCNC)|| appears. But if the case (ii) is adopted, the 
above mixing is not needed and thus the triangle anomalies as well as the FCNC do not 
appear 0. 

In this article, the 331 model is discussed in the cases (i) and (ii) with the gauges0 



as well as the ghost terms [ 10 1. In addition, the BRS transformation [11] after the SSB 
is examined. In §^|, the notations and Lagrangian are introduced. In §|3|, the SSB is 
considered and the Lagrangians are expressed in terms of the mass eigenstates. In §|4], 
the gauge fixing to and ghost Lagrangians are given in some detail because almost 
authors treat with the model by using the Higgs mechanism. In §[|, the propagators for 
the gauge particles, scalars, fermions and ghosts are discussed. In §§, the fermion currents 
are expressed in terms of the mass eigenstates and in §|^, the fermion triangles anomalies 
are discussed and it is pointed that the anomaly coefficients disappear only in the case 
(ii) for the singlet. §|| is devoted to a brief discussion of the BRS trnsformation and it is 
seen that there exists a case where the BRS invariance holds even in the case of non-zero 
anomalies. 



2 Formalism 



In this section, notations and a brief explanation will be given for the 331 model An 
assignment of the representations to the basic quarks (fermions) is adopted as follows: 



1° 



el ! ~ 11,3,0), 
V K , L 

v° aR ~ (1,1,0), e° aR ~ (1,1,-1), E° R ~ (1, 1, 1), 
/ d? 



Q 



o 

iL 



U; 



\ J° 



(3,3,-1/3), 



(2.1) 



tik" (3,1(18), 2/3), 4^(3, 1(13), -1/3), 4^(3,1(130,-4/3), 



QIl= I 4 I ~ (3,3,2/3), 
^-(3,1(13), 2/3), 4a ~ (3,1(13), -1/3), J2r~(3,1(1 3 ), 5/3), 



where a takes the values 1, 2, 3 and % takes 1, 2. The singlet term for the lepton should 
be written as I3 in our convention but it is not necessary to distinguish the notations for 
the leptons because only fundamental triplet representation is used for the left-handed 
leptons and in these cases the singlet terms are understood naturally as I3. However, 
for the quarks, both fundamental and complex conjugate triplet representations for the 
left-handed quarks are used and we should distinguish a transformation property of the 
singlet whether the singlet is accompanied with the fundamental or complex conjugate 
triplet representation. As pointed out in a previous article @ the singlet of SU(3) appears 
through three ways. One of them consists of the basic quark and antiquark, and the 
other consists of the three quarks (or antiquarks). Of course, their configurations are 
mathematically (or group theoretically) unique in the sense that one configuration of 
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them can be transformed into the other. However, they can be distinguished physically 
as the bosonic, fermionic and antifermionic fields though the singlet in the assignment is 
not composite. 

In order to give the quarks mass through the SSB, three scalar fields are introduced 



X 



P = 




(1,3,-1), 



(1,3,1), 



(2.2) 



1,3,0). 



It is noted that the representations x, P an d V may be considered as the irreducible 
components of a reducible field $ of SU(3)c <8> SU(3)l <8> U(1)n- Then, the notation $ = 
(x, Pi v) T w i n b e used. 

The charge operator Q is given by Q = T 3 - v^T 8 + N, where T 3 and T 8 together 
with T l (i = 1 ~ 8) are the generators of SU(3)l and have the representation matrix A l /2 
for the 3 representation and — A T /2 for the 3 representation of SU(3)l- The value y n of 
the generator N of U(l) is chosen to give the charge on the particle. 

It follows that the quantities consisting of a linear combination of the corresponding 
leptons in the three families are subject to the same transformation as that of the original 
ones under SU(3) C ® SU(3) L ® U(1) N , e.g., 



(C/VOa 



(1,3,0), 



(tfVV~ (M,0), a =1,2,3, 



(2.3) 



where the U u etc. denote some 3x3 unitary matrices. For the quarks, on the other 
hand, the situation is somewhat different from that for leptons. The state of a linear 
combination of the right-handed quarks in the three families has the same transformation 
under the gauge group as the original ones such as (Uu°) a ji ~ (3, 1,2/3) in the case (i). 
In the case (ii),e.g., (Uu°) a R (3, 1301I3, 2/3) because the singlet "I3" is a scalar under 
the 3 representation of SU(3)l but not under the 3 representation and the singlet "I3" is 
also, while the quantity (Uu°) a R means the linear combination of the quarks in the three 
families. For the left-handed quarks, e.g., 



/ (^i«°) 3 
(U 2 d% 

\ 



+ (3,3,2/3), 



7° 



(Usu% 

(U A d% 
(U J J% 



^(3,3,-1/3), (i = 1,2,) (2.4) 



where U\ etc. denote some 3x3 unitary matrices except for unit matrix, and U J 2x2 
matrix depending on the first and second families and it is noted that J3 does not mix 
with J° and J° because of the different charges. On the other hand, the followings hold 
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in the case (iil 



(U u u°U~ (3,13,2/3), 



/ {U u u°)i 

(U d d% | -(3,3,-1/3), (^ = 1,2) (2.5) 
V {U J J°) 



where U u etc. denote some 2x2 matrix on the quarks in the first and the second 
families. It is noted that the relations (|2.4[ ) mean an impossibility of introducing the BRS 



transformation iTTi in contrast to the second of (12.51). 



In the above assignment of the fermions, the leptons in the three families can be mixed 
with the corresponding leptons because common representation 3 or 1 (= 1 3 ) is adopted, 
while the quarks in the first and second families should not be mixed with the correspond- 
ing ones in the third family because they are subject to the different representations and 
have the different y n charges. 

In what follows, the color symmetry is not treated and thus is omitted unless stated 
otherwise. The gauge covariant kinetic energy Lagrangians for the fermions, scalars and 
gauge fields are given as follows: 



0=1 

+ Q° aL W^Q° aL + u° aE iV,ru° aR + d° aR iV^d° aR + J° aR iV^J° aR } , (2.6) 



C sc = (2>"x)t(2> M x) + {TTpfiPtf) + (P^)t(2V?) - V( X , p, v), (2.7) 



1„„ 1 



C v = - lB^B, u , (2.8) 

where the covariant derivatives for each field are given without using the different notations 
as follows: 

= (d, + ^§A T ■ A, + ig N l -BM L) 

VMl = (d» - <|A • A, - ig N ^BjQl L , 
2 

V A = (fy - ig N -B^)u° aR , 

VA R = (d» + WN l -B»)d aW (2.9) 

V,J» R = {d, + ig N ^B )i )J^ 
5 

= (dfj, — i—X ■ A^ — igirMpBn)?, 

with y v = — 1 for ip = x, y v = 1 for (p = p and y v = for <p = r\. 
The field strengths Fi and B^ are 

Ffiu = d,Ai - cU£ + gc jkl A k A, (2.10) 
B^v = d^By — d v B^ 
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where Cy/. k = 1, 2, • • • , 8) are the structure constants of SU(3). 

The interaction potential of the scalar fields and the Yukawa interactions of the 
fermions with the scalar fields are given as follows: 

+c 4 (x t X - xDip^P - pl) + c 5 {x^X ~ xl){rfv ~ Vv) + c e(p f P - pDiv^V ~ vl) 
+c 7 (x t p)(xV) t + C 8 ( X ] V)(X ] V) ] + c 9 (p j v)(p^)\ (2.H) 



+^Q° 3L Jl R x + (QlQ°2 



+Q° 



+Q° 



^(■^31) 



1 32) 1 33 J 



1 32? 1 33 J 




4 
4 



+h.c, 



[2.12) 



where y^[}p = Xi Pi ^) is 3 x 3 constant matrix. Ly in (|2.12 ) is written in the case of 
the assignment of the bosonic singlet ("1") of SU(3)l to the all right-handed quarks. Of 
course, the expressions for the interaction between the left-handed and the exotic right- 
handed quarks with the scalar \ are the same independent of the nature of the singlets 
and the term involving the quarks in the first and second families is not mixed with the 
corresponding one in the third family because the charge on the exotic quarks in the first 
and second families differs from that on the exotic quark in the third family. However, as 
is seen from ( |2.12 ) the interactions of the left-handed and the right-handed quarks with p 
or 1] in the three families will give rise to a mixture of the quarks in the three families to 
give masses to the quarks. In the case (ii) of taking into account the nature of the singlet, 
i.e., fermionic and antifermionic singlets, the interactions of the quarks in the first and 
second families through p or 77 are not mixed with those in the third family as in the case 
for the exotic right-handed quarks through x because in this case the interactions of the 



u and d quarks with the scalar bosons are given by putting T 



3i 



1 i3 



for i = 1, 2 
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( |2.12| ) and thus the left-handed quarks in the first and second families interact with the 
right-handed quarks through p* or rj* , while those in the third family interact through p or 
7] such as those in the case of x- These results affect the physical fields (mass eigenstates) 
of the quarks after the SSB and then the interactions between the quark current and the 
gauge bosons which play an important role for the discussion of the triangle anomalies ||. 

The Lagrangian Cf in ( |2.6| ) can be rewritten in terms of the fermion currents ||12j| as 
follows 
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+ 2^2 [ J ^^ + + J " xX » + + h - C -- 

+eJL\ + ^rJ$z„ + 9 r z ,z'^ (2.13) 

2c ^ 2y/l - 3t 2 w 

where 

a a a a 

a 3 

J£ = E^7 M (A 4 - a 5 )/° L + gv7 M (A 4 - *a 5 )q° l + E^l7 m (-aI + i\l)Q° jL , 

a 3 

Jy = E^7 M (A 6 - *A 7 )Z° L + QV7 M (A 6 - *A 7 )Q° L + E Q 5 ,l7 m (-AJ + iA?)^, 
a 3 

J"z = E^WWC + WslY^QIl + Y,Q 5 jL'f(-W j L - ^wJL, 

a 3 

J%< = E^7 M (A 8 - V3t 2 w X 3 )l° aL + WslY^s - V3t 2 w X 3 )Q° 3L 

a 

+ E^L7 At (-Al + V3t 2 w \T)Ql + 2V3t 2 w J? m , 
3 

V2Wt = A\^iAl V2X^ = Al±zAl V^Y^ = A 6 U ± zA 7 u , 



Afj, = s w A 3 + c w (-V3t w Al + y/1 - 3*^), 



= c w A\ - s w (-Vst w Al + y/l- 3t 2 w B^, 
K = \J±-3t 2 w Al + V3t w B„ 

4. — + a 9N a 99y 

t w = tant^iy = ; = =, c w = cosVw, 



g 2 + 3g% 9 A + 9 Y 

The summation convention will be used here and hereafter over a = 1, 2, 3 and j = 1,2. It 
is noted that though the following is obvious from the assignment of the representations 
to the basic quarks, the above currents for the quark part have the structure that the 
quarks in the first and second families are not mixed with those in the third family. 
It is, thus, expected that the expressions for the currents after the SSB should have 
the form similar to those for the above weak interaction bases in order to make the 
theory renormalizable, otherwise the vanishing conditions (trace condition in terms of the 
representation matrices) for the triangle anomalies for various processes^] will not be 
expressed in terms of the representation matrices and thus the vanishing condition for all 
possible processes will not be satisfied in general. It is shown that this result depends on 
whether the nature of the singlet is taken into account or not0. 
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3 SSB and particle masses 



By introducing the VEV(x v ) for x an d writing, 



Xh 

xr |, (3.1) 



x« ) v * V x° 

the symmetry SU(3) C ® SU(3) L ® U(1) N is broken down to SU(3) C ® SU(2) L ® U(1) Y , 
with the hypercharge operator Y = N — v3T 8 . It is noted that although the group 
is broken down to SU(3)c <8> SU(2) L <S> U(1) Y and the 2 and 2 representations of SU(2) 
are equivalent, the contents of the quarks restricted to the SU(3)c <8> SU(2) L <8> U(1) Y 
in the families are different from those in the standard model (SM). For example, the 
transformation of the doublets in the case of the SM is as follows 



(3,2,1/6), a = 1,2, 3, (3.2) 



while the corresponding doublets except for the J quarks are now 

( * ) ~ (3, 2, 1/6), . = 1,2, ( ) ~ ^ 2 ' 1 / 6 )' ( 3 - 3 ) 

The first doulets with (2) in ( |3.3| ) may be rewritten in those with the 2 or 2 representation 
as follows 

(ft) ~ (3,2,-1/6), ^] t ) ~ (3, 2, -1/6), i = l,2. (3.4) 

The 2 and 2 representations of SU(2) are equivalent as is well known but it should be 
taken care of that the doublets transforming according to them are related to each other 
in the complex conjugate as above and they are not the same. 
In a similar fashion, by the VEV for p and writing it 

P " ~72 Pv + ~j2 Ph = 71 ' Pv ' + ~^ ' P ° h ' ' < ^ 3 ' 5 ' ) 

the symmetry SU(2)l <8> U(l)y is broken down to U(l) cm . In order to give mass to all 
quarks, the VEV for t] is needed and r] is written as follows: 

V = "4^ + -4% = 4 I I + 4? I I • (3-6) 




^2 ,,; ' V2 " 1 V2 








where here and hereafter the same notations for the component of the VEV of the scalars 
and the VEV itself are used for confusion will not occur. It is noted that the U(l) em 
symmetry is not affected by introducing the VEV for rj. 
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The scalar potential ( J2.ll ) , from which the mass of the scalar particles is determined, 
is rewritten in terms of the fields with the subscript h by the replacement of the following 
forms 



XX -> ^(Xh + xl){Xh + Xv), 

X ] P^\{Xh + xl){ph + Pv). (3.7) 

As noted before, the scalar fields %i Pi V ma ¥ be considered as the irreducible components 
of the reducible field $(= (x, p, v) T ) an d it is convenient to work in terms of hermitian 
scalar fields in the case of the gauges instead of the complex fields by writing these 
such as Xj — X2,j + iXij with hermitian xi,j an d X2,j, where j takes 1,2 and 3 and for 
instance, Xi means x~ ■ Then it follows from App.2 that the quantities like (|3.7| ) in the 
scalar potential are given by the replacement of the following forms 

(xi + xt)(Xh + Xv) -> (xlXh + 2XvXh + XvXv), 

(xi + xt)(Ph + Pv) -> (Xh + Xv){h + t 2 ) ® I 3 (p h + p v ). (3.8) 

Similarly, the covariant derivative for the scalar fields in ( p.7| ) can be rewritten in 
terms of $ as follows 

D^ = {d,-iK*)<b, (3.9) 

where © means a direct sum of the matrices and the notation K 1 ^ denotes the quantity 
g\ ■ + gNVipB^ given in fl2.7p with ip ( = Xi P an d v)- ( ^-9| ) is rewritten in the 

covariant derivative corresponding to given in App.2 as follows 

D l & = (d lt -iK*)&, (3.10) 

where 

= I 2 ® +r 2 ® (i^+ffi^+ffii^), 

and $ = (x,p,r/) T with <p = (^1,1,^2,1,^1,2,^2,2,^1,3,^2,3) for ip = x, P and 77. Then, the 
covariant kinetic energy term for the scalar field $ becomes from (|2.7Q and (B.4) in terms 
of $ as follows 

= i(i><l) T (/ 2 + r 2 ) (g) (J 3 © J 3 © / 3 ) AA (3-11) 

where ^3 denotes 3x3 unit matrix. By using the VEV of the Xi P an d V an d writing 
$ = f + $ and f = Pt>, 17d) T with the non-zero components Xv2,3 = Xv,Pv2,2 = 
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Pv,Vv2,i = Vv, is rewritten as follows 



(D^D^= l -[{b^) T D^ + {v T (I 2 + t 2 ) © (I 3 © J 3 © h)K^K*)$ 



+$> T K^K*{I 2 + r 2 ) © (J 3 © I 3 © J 3 M " 2zi; T ^Kj4> 



The last term gives the mass to the gauge bosons in the form 



(3.12) 



[MlfW^W- + M\X^X~ + MyY tl++ Y tI + h.c. 
+^(M 2 Zl Z^Z^ + MlZ^Z 2fl ), 



(3.13) 



where 



cos 0Z„ + sin 4>Z' Z 2 a = — sin <pZn + cos <f)Z' 



Mi 



2 _ 9 ( ^2 2 , 



1 
2 

z 2 2 



Ml 



2/t 

\X.v 



M 2 Zl 



M 2 Z + Mf, - VWf , - Ml) 2 + 4(M ZZ ,) 4 



M| + M% + v/(Mf, - Mf) 2 + A{M zz ,y 



tan 1 



M^ 



Ml, 



Ml 



Ml, 



M! z , 



Mi 

r 2 ' 



3t 2 



If 



(2 + 3t 2 y )Ml + (2-34)M 



M, 



zz 1 



c wy 3(1 — 3t 



Ml - Ml + 3^M^ 



denotes the massless gauge field (electromagnetic field) and 9w the Weinberg angle 
in SM. It is noted that the neutral gauge bosons Z\, Z 2 with the definite mass is related 
with Z, Z' through an orthogonal transformation JT2] . 

The mass of the fermions is determined from the Yukawa interaction ( p. 12] ) through 
the SSB. The lepton masses are determined from the first three terms in fl2.12| ) in a similar 
way as in SM and the Lagrangian is given as follows 



£y= E L M E E R + eZM e e R + WM U E V 
1 



+ — 

Xv 

1 

+ — 

Pv 



WU uE M E E RX l + eZU e »M E E RX l + E L M E E RX u h 



T eE 



VZU ve M e e R pl + — L M e e R pl + E L U Ee M e e R pl 
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+- 



vlM v v R rf h + elU ev M v v R r)l + E L U El 'M v v m l 



+ h.c. 



(3.14) 



where 



— ((U E »is), {U E *e), E) M E E R { X v + Xh) 



Pv 

+ —(v, (U™e), (U» E E)) M v v R (rh,+7i h )+h.c, 
Vv v /L 



+—[(U^v), e, (U* E E) )M e e R (p v + Ph 



E 



L,R 



e L,R - A L,R e L,R, ^L,R ~ A L,R U L,R, 



jjEe 



l,r^ a l,r = M E = diag(m El , m E2 , m Ea ), 



pU _ / tttO 771O rpl)\T 



?0\T 



A?A e L 



vEjjEe 



U vtj U 



E° l ,rE l ,r = U E L:R U E L:R = E LtR E L:R for any unitary U, 

and similar notations for the other quantities are obvious. The number of the parameters 
in ( |3.14j ) is twenty in all and two of them are through the phases in the unitary matrices 
U Ee and f/^flni. It follows from the nature of the mass eigenstates and (|3.14j) that the 
kinetic energy parts and the Yukawa interactions for the leptons in terms of the mass 
eigenstates have the same form as those in terms of the weak interaction bases. The fact 
is due to the assignment of only the 3 representation of SU(3)l to the left-handed leptons 
and the singlet under the 3 representation for the right-handed ones. It is noted that the 
transformation of the mass eigenstates for the leptons under SU(3)l ® U(1)n is formally 
expressed in the similar form as to the weak interaction bases, e.g., 



(3.15) 



b=i 



where l a L may have the form such as ((Ui^a, (U 2 e) a , (U 3 E) a ) with some unitary f/'s. 

The interaction of the quarks with the \ in (|2.12| ) gives the mass to the J quarks and 
the Lagrangian has the explicit form in terms of the masses and their eigenstates 



L\= m j3 J 3L J 3R + J L M J J J 



R 



Xv 

1 



U3LXh + d 3LXh + J 3LXh 



J: 



3R 



+— [d L U dJ M jX T; + WU uJ M jX r* + JlMjxI*} Jr + h.c. (3.16) 

Xv 

= — (u3,d 3 , J3) m j3 J 3R (xv + Xh) 

Xv 

+ — ((EW), W^uj, J) T MjJ R (xv + Xl) + h.c, 

Xv V > L 

where mj 3 (= Xv^/V^) denotes the mass of Js(= J3), and the 2x2 mass matrix is 
diagonalized in the usual way 

J°l,r — A j LjR Jl,r, u°l,r - A u L:R u LyR , d° LR = A d LR d LyR , 
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A^M X A J R 



■ j l.r 




U Jd = A J L ] A d L , U Ju = A? At, A J L ] R A J L;R = I, etc., 

T°t tO _ rt 7 T°t tO _ rt 7 

J 3L,R J 3L,R — J 3L,R J 3L,R, J L,R J L,R ~ J L,R J L,R 



The quantities U and £7 denote the 2x2 Cabibbo matrices [111] and each one is 



characterized only by one real parameter. The number of the parameters in ( 3.16Q is five 



and the CP violation phases do not appear O]. It is noted that the result is independent 



of the nature of the singlet because the charge of J 3 is different from that of the J\, J 2 
and thus J3 can not be mixed with J\ and J 2 - The expression ( |3.16|) has the form similar 
to that in ( |2.12|) and the quantities (1L3, d%, J?) T L and {{U Jd d)i, (U Ju u)i, Ji)\ corresponding 



to those in the weak interaction bases as well as the right-handed ones are subject to the 
transformation corresponding to that in the weak interaction bases. 

In the case (i) of "1" , the masses of the u and d quarks are given from Ly in (|2.12|) 
through the VEV of the p and 77. The Lagrangian giving the mass to these quarks has 
the form 

' ' VvU 3L T^ a u° aR + pAl^Ir + p v u iL T? a u aR + Vvd° lL Tld aR ) + h.c, (3.17) 



V2 

where the sum over i is taken from 1 to 2, and that over a from 1 to 3. It is then seen 
that there are two possibilities of diagonalizing the mass matrices. One of them is to 
admit the mixing of the left-handed quarks belonging to the different representations in 
order to forbid unwanted processes such as u(c) <-> t and d(s) <->• b with the interaction 
with vacuum (or without interaction). The other one is to forbid the mixing of the left- 
handed quarks belonging to the different representations and to admit the above unwanted 
processes. 

The Lagrangian for the quark sector in the first one called case (i-a) can be rewritten 
in terms of the mass eigenstates as follows 

C P Y + C Y = UlM u U R + D2M d D R 

1 TT L Bf (l 2 T»pi* + hV'rf^ B R U R 



V2 

+^D^B? (hVpl + I 2 T^° h *) B d R D R 
+-jf&$ (J 2 n % -* + hT'pt) B d R D R 
+^D2B? (V'pr + IiVrfc) B R U R 
+^hlT p 1 B d R D R pt + + ^=h L T r {B u R U RV t 

^l=T L A{^ p 2 BlU R pt + * + ^r L A^Y\B d R D m r + h.c, (3.18) 
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where 



rpw — (TP. 7 ? rP^ rP^\ 
1 1 — \ L 31 1 32 1 33 ) 5 



1 2 



c/ 1 



L,R 



\4 



D 



L.R 



L.R 



1 

V2 



B U L ] {I 2 r?p v + I 1 r'r h )B% 



-j=B d ^ {hT» Pv + J 2 r%) 5£ 



pp. 7 ? 



pp. 7 ? 
J- 1 




r&") 
pp. 7 ? 

1 23 



pP:»? 



1 2 



L,R^L,R, 



M,= 


















TTl U2 





]■- 


(! 





!) 























' 1 









: ) 







1 


:) 





m d3 j 




vO 








It is noted that the unitary matrices defining the mass eigenstates can not be combined 
into the Kobayashi-Maskawa-like matrices [14] as in ( 3.14j) and ( |3.16 ) and appear in the 
interaction by itself. It is seen that the mass matrices are diagonalized through 3x3 
unitary matrices which produce a result of the mixture of the left-handed quarks belonging 
to the different representations, 3 and 3, and it is necessary to diagonalize the 3x3 
matrices by 3 x 3 unitary matrices and use the mass eigenstates with three components 
because the quantities T 3i and 1^3 (z = 1,2) are not zero in general. Thus, the parameters 
appear through these matrices as well as those in the T matrices and the number of the 
parameters in ( 3.18|) amounts to about fifty eight. The CP violation occurs through the 
phases in these matrices in addition to those in the Kobayashi-Maskawa matrices in ( 3.14j) 
for leptons|i~3[|[l4"|. The following relations hold due to the unitary transformation 



Ul,rUl,r 



Ul,rUl,r, 



d[, r d 



L,R- 



(3.19) 



It is evident that (|3.18 ) can not be rewritten in the form ( |2.12j ) corresponding to that 
in terms of the weak interaction bases because of the mixing of the left-handed quarks 
belonging to the different representations. It is noted that the relations in ( |3.19[ ) do not 

Ei=l U iL R U iL ,R 



mean the relations such as u 



ot 

3L,R U 3L,R 







U j 3 l,r U 3L,r and Ei 



1 u iL,R u iL,R 



Of 



u 







although the reverse is true. 

The Lagrangian for the quark sector in the latter one called case (i-b) can be rewritten 
in terms of the mass eigenstates as follows 

Cf Y + L\= — (ui, d 3 , J 3 ) r m U3 u 3R (r] v + r] h ) + — (uH, d 3 , J 3 ) r m dz d 3R (p v + p h ) 

+ — [(U ud d), u, {U uJ J)) m u u R (p v + p* h ) 

Pv 

1 r~. 



+ _ U (U du u), (U dJ J)) T m d d R ( Vv + n* h ) 

Vv V /L 

1 



+ 



V2 



(u 3 , d 3 , J 3 j L (r§ ls rjj 2 ) A u R u R (rj v + T] h ) 



+ (uE, d 3 , J 3 ) L (V p 31 , T p 32 ) A d R d R ( Pv + p h ) 



13 



where 



+ {{U ud d) 1 % {U uJ J)) l A 



I 1 ( p| ) u 3R ( Pv + pi) 



1 13 



+ (d, (U^U), {U"J)) L A? [ J| ) <h H ( //, //;, } 



+ /i.e., 



(3.20) 



u°l,r = At <R u L;R , 
ul,r = 




L,R 



1 

72 

= m„ 



33- 



7/° f 7/° 
^L,R^L,R 



,t 



([7° 
U L,R U L,R 
d*LndL,R z 



jjJu 



7/° - 
U 3L,R — 


/ 




? 








Tn U2 










"^d 2 



M3L,R, 



a 3L,R 



d, 



3L,R, 



(^)io(^) 



L,Ri 



u 



.Id 



Ju j rud 



JJJUJJ 



L,R- 



The Lagrangian ( p.20|) has the form corresponding to that in fl2.12|) in terms of the weak 
interaction bases and it is evident that the transformation of the mass eigenstate quarks 
under SU(3)l ®U(1)n is formally given by the form corresponding to those in the weak 
interaction bases. It is noted that the bracketed terms on the right side in ( |3.20| ) contain 
unwanted processes of the flavor change in the interaction with the vacuum. 

In the case (ii) of "I3" and "lg" for the singlet, however, the corresponding Lagrangian 
is given by putting T^f = T^ v — (i — 1, 2) from ( |3.20| ), i.e. given by omitting the 
bracketed terms in (|3.2U|). Then, it is noted that the matrices defining the mass eigenstates 



are combined into the three Cabibbo matrices one of which is given by the product of the 
other two and the Lagrangian is given in the form similar to that for the J quark. Of 
course, the above unwanted processes do not appear. The number of the parameters in 
in this case is eight and no CP violation occurs. It is noted that the interaction terms 
are expressed in the forms similar to those in ( |2.12| ) in the case (ii) also as in the case of 
J's. It follows that the expression for the quark parts is summarized in terms of the mass 
eigenstates for the basic fermions and 2x2 Cabibbo matrices and thus the parameters 
appear through the masses of the fermions and the Cabibbo matrices together with no CP 
violation from the quark parts. Thus, the number of the parameters is twenty six in all. 



The relations u ^u L = v} l ul and d°^ d° L = d} L d L but not ( |3.19| ) are desirable from a physical 



point of view as mentioned before and are necessary for the anomaly coefficients |g] after 
the SSB to have the expressions corresponding to those in terms of the representation 
matrices before the SSB. 
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4 i?£ gauges 



It is useful to use the tilde quantities for the scalar fields in order to fix the gauge and 
introduce the ghost fields [p| [jTO | . We first rewrite (|3.11|) in terms of these quantities. Then, 
the non-zero components of the scalar fields in the case of the Higgs mechanism are given 
by putting Xa,i = except for ^2,3 and p a> i = pi j2 = in (|3.12|) but then the terms such 
as ^(«9%++p+ +t - d»Y--p+ + ) and g^W^t - d»W^ + d»X+ Vh - VX^) , 
which lead to the unwanted processes such as p <-> Y and 77 + <-> W + for moving 
gauge bosons, remain in the third term in ( |3 . 1 2| ) . These terms can not be excluded with 
some additional physical procedure as long as the Higgs mechanism is used. Therefore, 
it is more reasonable to use gauges than the gauge based on the Higgs mechanism 
because the terms giving the above unwanted processes can be cancelled by terms added 
to the Lagrangian to fix the gauge. 

The gauge fixing Lagrangian is introduced according to the known procedure 11 as 
follows 



C 



9f 



t 9 

-E 



& l V. c . 



(4.1) 



where 



■ cpa 



I 2 © {L x _ a © Z/ a © LT) + r 2 © (Lf 
- (L^ ± L* aT ) , 

0, 

9), 




1,2,-.. 



L 



pa 



Aa 



9a = 9 (a = 1, 2, • • • , 8), V® = and g 9 = g^. It is noted that the cross 



and V? 

terms from ( |4.1| ) cancel the third term in ( |3.12|) . Furthermore, as is well known a set of 
nine ghost fields C a (a = 1, 2, ■ ■ • , 9) corresponding to the nine generators = \%/2{i = 
1, 2, • • • , 8) and y^I^ are needed to ensure unitarity and renormalizability HI [ 10| fL5f . The 
Lagrangian for the ghost fields is given with the known procedure H by 



C 



gh 



d»C*{d,C a + g b f abc Vfc c ) - 9 -^LC a v T L* a L u {v + <I)C 6 



(4.2) 



where f a b c denotes the structure constants of SU(3)l © U(l) with f ab9 = 0. The mass 
term of the ghost fields contained in the last term of (|4.2|) is given by replacing V® — > C a 
in that of the gauge fields given by the last term in ( |3 . 1 2| ) except for the factor £. The 
explicit expression of ( |4.2|) in terms of the Xi Pi an d V is given as follows 



C 



gh~ 



d»&(d^ + gf 3 uA\C l ) + WCd^C 



-^fJ{ X T v {h ® {VL k + U T L kT ) + r 2 © {VL k - U T L kT )} ( Xv + x) 

+p T v [h © {VL k + U T L kT ) + r 2 © {VL k - U T L kT )} (p v + p) 
+rfi {h © (VL k + U T L kT ) + r 2 © (D L k - U T L kT )} ( Vv + 77)} C k 
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- g fc{x T v {x v + x) + P T v { Pv + P)}c 



99n 
" 2£ 



& [xl {r 2 ® {V - V T ) + I 2 ® {V + ti T )} ( X v + X) 
+p T v {r 2 ® (L j - L jT ) + I 2 ® (17 + U T )} (p v + p)}C 
+ 9 -^rC{x T v {r 2 ® {V - L jT ) + h ® {V + U T )} ( Xv + X) 
{r 2 ® - L jT ) + I 2 ® {V + V T )) ( Pv + p)}C j 

where C = C 9 and Xv(Pv,Vv) is used instead of Xv {Pv, Vv)- 



(4.3) 



5 Propagators 

As the Lagrangian in the gauge is determined, the propagators for the particles are 
obtained in a known way. Those for the gauge bosons are obtained in the form similar to 
those in SM from Ly in ( |2.8|) and ( 3.12 ) as follows 



iD%{k) = -i- 



iDUk) 



1 



(1 



My 



k 2 



iD z Uk) = -i 



(k 2 ~ Ml) 



—k^k u 

(1 — j^kyky 



for A, 



for Z % (i = l,2), 



(5.1) 



where here and hereafter a factor to select the boundary condition is omitted. 

Those for the ghost fields are given from those in ( (4.3| ) which has the same mass 
matrix as the gauge field in (|3.13|) except for the parameter £ and thus the states of the 
ghost may be classified in the way similar to those of the gauge bosons. The notations 
corresponding to the gauge bosons are used, i.e., such as dyy, c x , ca, etc. corresponding to 
X+, Ap, etc. and the propagators are given as follows 



iD G A {k) 



k r 



iD G x {k) 



iD G z ik) 



k 2 -M 2 x /C 

i 

k 2 -MlJC 



for ca 



for X — Cyy , C X ) Cy , 

for c Zl (i = 1,2), 



(5.2) 



where the expressions for etc. in terms of c % etc. are given by replacing the A^ and 
Bp in the expressions for the gauge bosons etc. with c % and c and the M\ denotes 
the mass of the gauge boson X. It is noted that the first one in ( |5.2j) corresponds to a 
propagator of the mass zero field and remains in the limit of £ — > in contrast to those 
of the other eight. 
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The propagators for the scalar fields are divided into three types and are given as 
follows: 

(I)Type 1. The mass matrix for a pair of fields (x,y) is given by the 2x2 matrix 



/! + 



M 2 

4F 



y 

—x 



(y - x) + 



r 



X 



^ V y 



(x y). 



The propagators for the diagonalized fields of these are given by 
(a) For > c; 



A; 2 



4cM2 ' 



x = cos(p s x — sm (p s y, 
M 2 x = 9 ^(x 2 + y 2 ), 



iDUk) 



tan 



y = cos (f) s y + sin (j) s x, 

y 



X 



(5.3) 



(b) For c > f^; 

The propagator in this case is given by replacing x — > y and y — > — x in (a). 

It follows that one of the two propagators in ( [5. 3D has a physical pole 4cM 2 /g 2 de- 
pending on a mass M 2 of the gauge boson x and the other a pole M 2 /£ depending on the 
£. Thus one of these remains even in a limit £ — >■ and the other disappears in the limit. 
Explicitly, the following six cases are possible for a pair of fields 



(i) 


x 


= Xv, 


y = 


Vv,C = 


c 8 /2,M 2 x = 


M\ 


for 


X 


= Xi,i 


y = 


Vl,3 


(ii) 


X 


= Vv, 


y = 


Xv , c 


= c 8 /2,M 2 x 


= M\ 


for 


X 


= X2,l 


,y = 


m,3 


(iii) 


X 


Xv, 


y = 


Pv,C = 


c 7 /2,M 2 x = 


Ml 


for 


X, 


= Xl,2, 


y = 


Pl,3 


(iv) 


X 


= Xv, 


y = 


~Pv,C 


= c 7 /2,M 2 


= Ml 


for 


X 


= X2,2 


y = 


P~2,3 


(v) 


X 


= Pv, 


y = 


Vv,C = 


c 9 /2, M 2 X = 


M 2 W 


for 


X, 


= Pl,l, 


y = 


Vl,2- 


(vi) 


X 


= Pv, 


y = 


~Vv,C 


= c 9 /2,M 2 


= M 2 W 


for 


X, 


= 02,1, 


y = 


V2,2- 



(II)Type 2. The mass matrix for the (xi,3, pi,2, fji,i) is given by 



M 



( { a i + 9' 2 )x 2 

-d + g' 2 )xp 



(i + g' 2 )xp -ixv 
' 9 -T + g' 2 )p 2 -im 



Q 2 



iv 2 i 



(5.4) 



where the notations (x,P,v) are used instead of (xv, Pv, Vv)- The propagators are given 
for the diagonalized fields of these by 



iD {k) 



k 2 -M 2 /^ 



iD + {k) 



k 2 -M 2 /C 



where 



Xo = a(PVXi,3 + XVPi,2 + XPVi,i), 
f]M_ = — sin 9p + + cos 6*f/_, p_ 



Pm+ = cos 
HxXi,3 + PP 



1,2 



+ sin 9rj + , 
- 2 VVi,i), 
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V+ = c{x{p 2 + 2^ 2 )xi, 3 - p{x 2 + 2r] 2 )Pi,2 + v(x 2 ~ p 2 )Vi,i}, 
a 2 {x 2 p 2 + XV + V 2 P 2 ) = 1, & 2 (X 2 + P 2 + V) = 1, c = a&, 

tan# 



M| 3 



^33 - ^22 - VMs - M| 2 )2 + 4(M 2 3 ) 2 



M 2 2 2 = 6 2 



^(X 4 + P 4 + V - P Y + 2 V \* + 2pV ) + ^( X 2 - p 2 ) 2 



,,2 46 2 /V 2 



4 



Ml 



y i 2 i 2 i 



\ 



— (p 2 + x 2 + v 2 ) + 9n (p 2 + x 2 ) \ -x(t + ^J ^ 2p2 + x2r?2 + p2 ^ 



It is noted that one of the propagators appears with the zero-mass form as above due to 
detM 2 = 0. 

(III)Type 3. The propagator of the case is for the fields (x2,3, P2,2, ^2,1), which correspond 
to the neutral fields appearing with the masses in the Higgs mechanism and are the real 
counterparts of the neutral scalar fields whose imagianry parts appear in the type 2, and 
is given by 



iD(X2,3,P2,2,V2,l) 



k 2 -M 2 ' 



(5.5) 



where the mass matrix is given by 



M 



( 2c lX 2 

caXP 2c 2 p 
V c 5 xv cePV 



CaXP 
2 



c$XV 
c 6 pv 
2c 3 77 2 



It is noted that the first type of the propagators has two types of the pole, one at 
4cM 2 /g 2 and the gauge-dependent pole at M 2 /£ with the gauge boson mass and the 
second one has the mass matrix proportional to whose determinant is zero. The third 
type is for the fields (x 2)2 , P2,2> V2.1) and the mass matrix with three non-zero eigenvalues 
is independent of £. 

It follows that in the limit of £ —>■ 0, there are one massless (photon), and eight massive 
vector bosons, ten scalar bosons (18 - 8=10) one of which is massless and no other particles 
independent of £. The result for the degree of freedom agrees with that expected from the 
Higgs mechanism. It is, however, noted that as mentioned before an unwanted processes 
appear in the Higgs mechanism but in the gauge the unwanted processes are cancelled 
out by the gauge fixing terms. It is confirmed that all the above propagators behave 
like (momentum) -2 in the momentum — > 00 limit in the case of < £ < 00. Thus it 
is expected that the theory with the gauge will be renormalizable provided that the 
triangle anomalies do not appear from the interaction of the fermion fields with those of 
the gauge bosons as is well known. However, it is shown without the gauge fixing in a 
previous paper |J that the nature of the singlet assigned to the right-handed quarks in 
the families affects the triangle anomalies. 
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The propagator for the mass eigenstate fermions can be discussed in the usual way 
from the second order terms in (|3.14j) for the leptons and the discussions after ( |3.16|) 



for the quarks together with the kenetic energy terms expressed in terms of the mass 
eigenstates from ( |2.6| ). The propagators for the leptons and the J quarks are given in a 
unique way. However, the propagators for the mass eigenstate u and d quarks have the 
different forms depending on the nature of the right-handed singlet. 

In the case (i-a), the progpagator for each quark of U a and D a is given throught (|3.18|) 



and the kinetic energy terms expressed in terms of the mass eigenstates from Q2.6|) in the 



same form as those for the leptons. It is, however, noted that the mass eigenstates in ( 3.18 
are given by a linear combination of the quarks belonging to different represenattions as 
mentioned below (|3.18|) . It,thus, follows that in this case the quark currents in terms of 



the mass eigenstates have the form different from those in terms of the weak interaction 
bases. In the case (i-b), owing to the braketed terms in ( |3.20| ) the propagators are not 
given for each quark but with the form related to the three quarks such as of the U\, u 2 and 
«3 each of which is a linear combination of three weak interaction bases. The propagators 
for the u and d are obtained from fl3.20|) and the kinetic energy terms in ( |2.6|) and for 
instance, those for the u\,u 2 and u 3 are given in the coupled form in the known way as 
follows 



iD(k) 



( ft — mi /ii3 \ 1 

ft - m 2 h 23 ! 



h 3 i h 32 ft-m 3 ) 

his = ^ {I*, E rVM u R Tn p L + pv B^Wfe} , 
1* = ^ K E r U A lh p R + pv E vTMDaPi) , 

mi = m ni , m 2 = m Ul2 , m 3 = m U3 , (5.6) 

where the sum over j is meant from 1 to 2. It, thus, follows that the quark currents in 
terms of the mass eigenstate quarks have the same form as those in the weak interaction 
bases but the anomaly coefficients from the quark currents can not be expressed in the 
form with the product of the representation matrices in terms of the weak interaction 
bases (see §|7|) because of the propagator by the mixing of the quarks in the different 
represent at ions . 

In the case (ii) of taking into account the transformation property of the right-handed 
singlet, i.e., "I3" for the counterpart of the left-handed "3" representation and "lg" for 
that of the left-handed "3" representation, the propagators are given for each quarks 
such as for the J quarks and then such phenomena appearing in the case (i-b) for the 
anomaly coefficient does not exist for lack of the bracketed terms in (|3.20|) , i.e., due to 
rfg 7 ' = T^f = 0. The result will play an important role in the fermion triangle anomalies 
and thus in the renormalization of the theory. 

As is seen from above discussion on the quark propagators the quantities F^f and 
for i — 1,2 must be zero in order to give the consistent result to the theory, i.e. anomaly 
free and then renorlizability. The condition of T^ v = T^f = is satisfied automatically in 
the case (ii) of our assignment of "I3" and "1§" , but is not ensured in the case (i) of "1" 
except for imposition of the condition by hand. In the next section, the fermion currents 
are given in terms of the mass eigenstates. 
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6 Fermion currents in terms of mass eigenstates 



The currents in (|2.13|) in terms of the weak interaction bases can be given in terms of 
the mass eigenstates given in (|3.14|) for the lepton and those after (|3.16|) for the quarks. 
Owing to the last relations below ( |3.14| ) and the corresponding ones such as the relation 
( P.19| ) and the last relation below (|3.16|) and ( |3.20|) for the quarks, the lepton parts in the 
currents etc.,[[T(| and the electromagnetic current Jg m may be given by substitution 
of the weak interaction bases in ( [2. 13]) into the corresponding mass field or the mass 
field multiplied with some unitary matrix such as v' = U eu v and D' = BD as seen from 
( p. 14j ) ~ ( p.20| ). However, the quark parts of the currents except for the electromagnetic 
current have the different forms after the SSB according to the nature of the singlet 0. 
In the case (i-a), the quark part of the Jyy current can be rewritten in the form 



\\" 



Q0 3l7 m (Ai + zA 2 )Q° L + Q jL Y(-\! - i\ T 2 )Q% 
2U^(B u % 3 Y(B d L ) 3b D bL - 2U^(B U ^ - '" ?w 



aj Y(B a L ) jb D bL , 



(6.1) 



where the sum over a and b is meant from 1 to 3 and that over j from 1 to 2. It is 
noted that the last expression can not be rewritten owing to the different sign in front 
of the terms in the same form as that in the weak interaction bases. This different sign 
comes from the fact that the left-handed quarks in the first and the second families are 
transformed under the 3 representation but those in the third family are under the 3 
representation. The mixing of the quarks in the different representations as mentioned 



below (|3.18|) must be used to construct the mass eigenstates. Similarly, it is apparent that 
the quark parts for the other currents can not be expressed in the form corresponding 
to those in terms of the weak interaction bases and in particular the FCNCHH appears 



from the neutral current J%, such as 



,D h 



+D aL B 



„, ; r, L)a3 ^(B d L ) 3b D bL - D aL (Bi\^(B d L ) jb ^ bL 



The FCNC does not occur in the J quarks but occurs in the u and d quarks bucause the 
mixing of the J quarks belonging to the different representations does not appear as seen 
from ( |3.16| ) but that of the u and d quarks appears as seen from (|3.18| ) 



In the case (i-b), the quark part of the current can be given in the form similar to 
that in the weak interaction bases, i.e., 



Q^7 M (Ai + i\2)Q° 3L + Q^ri-^l - ^)Q° jL 
= Q^(Ai + iX 2 )Q3L + Q^7 M (-A[ - i\l)Q jL , 



(6.2) 



where 



Q 



3L 



Ui 




( <L 



Q 



U dJ Jr, 
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It is apparent that the other currents for the quark parts have the forms corresponding 
to those in the weak interaction bases and then the cross terms of the left-handed quarks 
belonging to the different representations do not appear in contrast to the case (i-a). 
In this case, however, the propagators depend on the quarks belonging to the different 
representations as seen from (|5.6|) in 

In the case (ii) of "I3" and "I3", the currents in fl2.13| ) are given in the same form 
as in the case (i-b). A decisive difference from the case (i-b) is that in the case (i- 
b) the bracketed terms in fl3.20| ) appear but in the case (ii) these terms vanish due to 
T^f = F^ 1 = 0. As the result, the propagators of the u and d quarks are given for 
each mass eigenstate quark in contrast to those in the cases (i-a) and (i-b) and then 
the anomaly coefficients after the SSB are given in the same form as that in the weak 
interaction bases as will be seen in the next section. 



7 Triangle anomalies 

It is known that the anomalies, which are singuralities associated with the fermion triangle 
diagram contributions to the vertex of three currents, should be cancelled even when the 
gauge structure of the theory is modified by the SSBp. If the anomalies appear without 
vanishing, the renormalizability of the theory will be destroyed ||ll||[|T5 |. 



The anomaly coefficient in the vertex of currents i, j and k is given by|| 
A ijk ~ 2TrLULi, L k L } - 2TrL^{4, L k R } 



= 2(4,-4*), (7.1) 



where L l L and L R denote the represenation matrices of the left- and right-handed fermions. 
In the case (ii) of the singlet I3 and I3, it follows from the discussion in §|6| that the 
anomaly coefficients are zero because the currents after the SSB are expressed in terms 
of ones corresponding to those in terms of the weak interaction bases before the SSB. For 
instance, the coefficients for the processes Z — > W + W~ and Z — > Y ++ Y become 

£ Tr(T 3L - 2s 2 w Q L ){T 1L - tT 2L , T 1L + iT 2L ] 
3 

= -[TrA 3 {Ai - iX 2 , Ai + i\ 2 } 
o 

+TrA 3 {Ax - i\ 2 , Ai+iA 2 } + 2Tr(-Aj){-A^ + iAj, -X^ - i\ 2 }] 
-6s^[TrQ ; {Ai - iX 2 , X 1 + iX 2 } + TrQ 3L {Ai - iX 2 , Ai+iA 2 } 
+2Tr(Q ?;L ){-Af + iX T 2 , -Af - iXl }] 
= 0, 

Tr(T 3L - 2swQl){Tq L - iT 7L , T 6L + iT 7L } 
3 

= -[TrA 3 {A 6 - iX 7 , A 6 + iX 7 } 

o 

+TrA 3 {A 6 -iA 7 , A 6 + iX 7 } + 2Tr(-Aj){-A^ + iX%, -A@ — iA? }] 
-6s^y[TrQi{Xi - iX 2 , Ai + iX 2 } + TrQ 3L {Ai - iX 2 , Ai+iA 2 } 
+2Tr(Q jL ){-Af + iX T 2 , -A? - iX T 2 }} 

= 0, (7.2) 
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where the quantities Qi, Qzl and Qn are the charges of the leptons and quarks given by 




\ 1 / 2 

Qi = | -1 , Q 3L = - -1 I , Qi 

o o l / d \ 5 

and the sum is meant over the families. It is noted that the factor 3 in (|7.2|) comes from 
the three families for the leptons and the three colors for the quarks. It follows that 
the anomaly coefficients are not necessarily zero due to the sum of all charge in three 
families in contrast with the case in the SM. In this way it is easy to see that the anomaly 
coefficients vanish for all possible processes. Thus, the renormalizability of the theory will 
be guaranteed in the case (ii), while it is apparent that in the case (i) the coefficients will 
not become zero in general because the anomaly coefficients can not be expressed in the 



form of (|7. 1|) for both (i-a) and (i-b) due to the mixing of the quarks belonging to the 



different representations as seen from ( |3.18| ) and ( |5.6| ). 



8 BRS transformation 



In this section, we discuss a BRS transformation |TT|. It is well known that the invariance 
under the BRS transformation is produced by adding the ghost term even after the gauge 
invariance of the Lagrangian is violated by the gauge fixing. It is, also, considered that 
the BRS invariance is not violated by the SSB in order for the theory to be renormalizable 
and for the S'-matrix to be independent of the gauge parameter |T5| . 



If we start with the gauge invariant Lagrangian containing the fields of the chiral trans- 
formation, the anomalies associated with the fermion triangle diagram on three currents 
must also disappear in order to guarantee the renormalizability of the theory and then 
the BRS invariance is ensured as is easily seen for our case (ii). Of course, it is evident 
that even after the SSB the above conditions for the theory shoud not be violated in 
order for the theory to be renormalizable. That is, the anomaly coefficients after the SSB 
must vanish and then the invariance under the BRS transformation must hold. However, 
in some cases, the invariance under the BRS transformation holds thought the anomaly 
coefficients do not vanish as in the case (i-b) in §|7]. Therefore, in order for the theory to 
be renormalizable the anomaly coefficients must vanish and then also the BRS invariance 
will be ensured. This is because the BRS invariance is necessary for the unitarity of the 
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As discussed in §| and §0, the cases (i-a) and (i-b) for the singlet lead to non-zero 
results for the anomaly coefficients though in the case (i-b) the total Lagrangian is in- 
variant under the BRS transformation in contrast to the case (i-a) in which case the BRS 
transformation can not be defined as noted below ( |2.5| ). However, in the case (ii) for the 
singlet the anomaly coefficients become zero for all possible triangle diagrams and the 
BRS invariance holds as is easily seen. Thus, it may be concluded that the possibility 
of the singlet "1", i.e., the case (i), must be excluded for the theory to be renormaliz- 
able. We will show the invariance under the BRS transformation in the case (ii) for the 
counterparts of "3" and "3" briefly below. 

It is easily seen that the Lagrangian C g f + C g h of the gauge fixing and the ghost terms 
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in ( |4.1| ) and ( f4.2| ) is invariant under the following BRS transformations of the fields 



5 B C a = % -\f ab cC b C c 



6 B C* = X£(&>V;--^(v\L* a \$)), 
5 B $ = \L* a {v + $)C a , 

6 B V£ = -i\D„C a , (8.1) 

where D^C a = d^C a + gf a b c V b C c and the BRS transformation is defined as usual, i.e., the 
substitution of the parameters in the gauge transformation (3 a — > i\C a with a constant 
hermitian Grassmann quantity A. It is noted that the following equation of motion holds 

d»D^C a + ^(v\L* a L* b \v + §)C b = 0. (8.2) 

where no sum over a but the sum over b is taken from 1 to 9. The BRS transformation 
for the fermions is given by the above substitution of the parameters in the formulas such 
as the transformation in ( |3.15|) . It thus follows that if the Lagrangians except for the 



gauge fixing and the ghost terms are invariant under the BRS transformation even after 
the SSB, the total Lagrangian is also invariant under the transformation. 

It is evident that the original Lagrangians (|2.6| ), Q2.7|) , (|2.8| ) and (|2.12j ) are invariant 



under the BRS transformation given by v = in ( |8.1|) and even in the case of v ^ for 
the leptons and the scalars because as noted in the Lagrangians and the fields in terms 
of the mass eigenstates are rewritten in the same form corresponding to those in terms of 
the weak interaction bases and the BRS transformation for the mass eigenstates is given 
in the same form as that for the weak interaction bases as noted in §|2] and §|3|. 

However, in the case (i-a) the Lagrangian for the quarks can not be rewritten with 
the similar form in terms of the weak interaction bases and the mass eigenstate bases also 
as noted in and furthermore the variation for the quarks Q a L can not be expressed 
in the form corresponding to those in terms of the weak interaction bases because the 
quarks in the different representations are mixed. In the case (i-b) as mentioned in §[] 
the Lagrangian for the quarks can be expressed in the same form corresponding to that 
in the weak interaction bases, but the propagators of the quarks are given for a set of the 
quarks belonging to the different representations (see ( |5.2|) ). Therefore, in this case the 
total Lagrangian is inariant under the BRS transformation but the anomaly coefficients 
are not zero in general. 

In the case (ii) by taking into account the transformation property of the right-handed 
singlet of the quarks there is no problem in expressing the Lagrangian in terms of the weak 
interaction bases in the corresponding form in terms of the mass eigenstates as seen up 
to now. Thus, even after the SSB the anomalies as well as the FCNC disappear and the 
theory will become renormalizable. Of course an invariance under the BRS transformation 
is ensured. 

9 Discussion 

We discussed the 331 model in which for the left-handed quark sectors in the three families 
the complex conjugate representations are assigned to the first and the second families 
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and the fundamental representation is assigned to the third family, while the singlet 
assignment to the right-handed quarks associated with the left-handed quarks has the case 
of "1" independent of the left-handed 3 and 3 and the case of "I3" and "lg" depending 
on the left-handed "3" and "3". Though the choices have an effect to the form of the 
Yukawa interactions of the quarks with the scalar fields as seen in ( ETT2D , the theory will 



be anomaly free and renormalizable at the stage of the original Lagrangian before the 
SSB. In this case, it is easily seen that an invariance under the BRS transformation holds 
after fixing to the gauge in addition to the ghost terms. 

However, the situation after the SSB becomes quite different from that before the 
SSB. This is because except for the J quarks the Yukawa interaction giving mass to the 
quarks through the SSB is different for both cases of the singlet. As shown in the previous 
sections, the anomaly coefficients can not be zero in general in the case of the adoption 
of the singlet "1" independent of the left-handed "3" and "3" but in the case (ii) of the 
right-handed singlet "I3" associated with the fundamental representation and "I3" with 
the complex conjugate representation there appear no anomalies even after the SSB. It 
seems natural in the gauge theory with the chiral trasformation for us to take into account 
the transformation propperties of the singlet in physics but not mathematics as discussed 

Though an invariance under the BRS trasformation holds in the case (i-b), the anomaly 
remains without vanishing as pointed out in §[8] and thus the renormalizability of the 
theory is destroyed after the SSB. However, in the case (ii) of the singlet "I3" and "lg" 
the invariance under the BRS trasformation as well as disappearance of any anomaly holds 
even after the SSB. We may thus conclude that in construction of the model based on 
the chiral gauge theory with the fundamental and complex conjugate representations in 
the assignment of the representations to the basic particles in the families such as the 331 
model the counterparts of the fundamental and the complex conjugate representations 
should be subjected to the definite transformation according to that of each partner. 



Appendix. 1 

As is well known, the singlet appears in the following ways in the representation of SU(3) 

(i) 3 <g> 3 = 1 © 8, 

(ii) 3®3®3 = 1©8©8©10, 

(iii) 3©3©3 = 1©8©8©T0, 

where 3 denotes the fundamental representation and 3 the complex conjugate represen- 
tation of SU(3). Of course, it is well known that the expressions from the left side for 
the singlet "1" on the right side are equivalent mathematically to each other in the sense 
that the relation such as3®3 = 3©6 holds and then one of the configurations on the 
right-side given from the left side is rewritten to another singlet configuration "1" . That 
is, it may be said that these three singlets are equivalent to each other under a trans- 
formation of SU(3). However, it is physically natural to consider their physical content 
different because if 3 is assigned to a member of the fundamental fermion and each con- 
figuration on the right side is accepted as the quantity of a definite particle, the particle 
corresponding to the singlet in (i), called bosonic singlet, will express a boson-like one 
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such as in the boson in the quark model but not a fermion or anti-fermion, and those 
in (ii) and (iii), called fermionic and antifermionic singlets, will express only a fermion 
and an anti-fermion, respectively. In other words, the bosonic singlet in (i) may be said 
the scalar with respect to both 3 and /or 3 or independent of 3 and 3 in the sense that 
the configuration consists of the fundamental fermion and antifermion, but those in (ii) 
and (iii) are the scalar only with respect to the 3 and 3 in the sense that each of them 
consists of only the fermion and antifermion, respectively. Thus, it is physically natural 
to consider that there exist three kinds of the singlet corresponding to (i), (ii) and (iii). 
Of course, it does not need considering the distinction of these in almost all models except 
for the models such as the 331 model because only the fundamental (or complex conju- 
gate) representation for the lefdt-handed basic particles in the first stage is adopted and 
then the singlet of the counterparts is meant as in (ii) (or (iii)), while in the 331 model 
both of the fundamental and complex conjugate representations are used to assignment of 
the representations and then the transformation property of the singlet affects the forms 
of the Yukawa interactions. It is, however, noted that the fermions in the families are 
not considered composite such as above (i), (ii) and (iii) and then the assignment of the 
representation to these fermions are free a priori provided that it is physically allowed 
and leads to a consistent result. 

Appendix. 2 

Let us consider a group G with the generators T 3 (j = 1,2,..., N) satisfying the commu- 
tation relations 

\T\T k \=ic dkl T\ (B.l) 

where the generators are hermitian. We consider n complex scalar fields $j (j = 1, 2, n), 
arranged in a column vector <3> transforming according to the n x n representation matrices 
LP, which satisfy the same commutation relations as those in (B.l) and are normalized by 
tr(L 3 L k ) = t(L)5jk in each irreducible component of LP. The <3> is subject to the following 
relation under an infinitesimal transformation: 

= - i(u ■ L) jk $ k . (B.2) 

Instead of n complex scalar fields $j (j = l,2,...,n), it is often convenient to use 2n 
hermitian scalar fields by writing $j = (3> 2 ,j + i&i,j)/V2 with hermitian <f> 1 j and $ 2 j. 
Then, due to the relation U(l) ~ SO(2) the transformation (B.2) is rewritten in terms of 
a direct product as follows: 

(/ - U 2 <g) u ■ (L - L T ) /2 - ir 2 <g) u • (L + L T ) /2) $, (B.3) 

where L 2 and r 2 are 2x2 unit and Pauli matrices with elements (t 2 ) Q/ 3 = — ie a p = 
iepa, ei2 = 1, and $ = ($i,i, $ 2 ,i, $1,2, $2,2, • • • , $i, n , $2,n) T An action of L 2 <g> LP and 
t 2 ®L> on $ is given by {! 2 ®ti$) a , k = 5 aP {U) kl ^^ and (t 2 <8> = (t 2 ) q/3 (L j ') w <E» w , 

respectively. It then follows that the representation matrices L 2 <g> (L 3 — V ) and r 2 <g> 
(L 3 + LP ) are hermitian and antisymmetric: (J 2 <g> (L 3 — L 3 )) T = —L 2 ® (L 3 — L 3 ) and 
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(t 2 <S> (LP + )) T = — t 2 ® (L J + L J ). If the covariant derivative is written in the form 
= (<9 M — iM M )$ with hermitian M M , then the corresponding covariant derivative Z) 
for the $ becomes Dfl = (d„ - i{L 2 <g> (M M - Mj)/2 + r 2 <g> (M M + Mj)/2})$. 
It is seen that the following relations hold 

t$ = Ii|r T (/ 2 + r 2 ) <g> /„$, 

■ L$= ^ T (/ 2 + t 2 ) <S> u • L<l>, 

= ^ T {(/ 2 + r 2 ) <g> J n }{/ 2 <g> u • (L - L T )/2 + r 2 <g> u ■ (L + L T )/2)}<f> (B.4) 

(D^D^= l -(D^) T (L 2 + r 2 ) ® L n D^ 

= ^(d^ T L 2 <g> J n + ^ T / 2 ® M"){(/ 2 + r 2 ) <g> J„}/ 2 <g> (I n d„ - iM^Q, 

where L n is n x n unit matrix.® 

It is often useful to consider anti-commutators which are hermitian but have non-zero 
trace and may be written as follows 



{U , L k } = d jk iL l H ^5 jk L n , 



where dj^ are totally symmetric in three indices and given by djki = tr ({LP , L k }L l ) /tr(L). 
It is known that the non-zero structure constants Cjki and the symmetric coefficients djki 
are given in the case of the 3x3 Gell-Mann matrices V = \ j /2 (j — 1, 2, • • • 8) as follows: 



Cl23 = 


1, 








Cl47 = 


Cl65 


— C246 — 


C257 = 


C345 = C376 = 1/2, 


C458 = 


C678 


= V3/2, 






^146 — 


dl57 


= C?246 — 


— ^247 


— ^256 — ^344 — ^355 


diis = 


d 2 28 


= ^338 = 


— 6^888 


= 2y/3/3, 


d 448 = 


^558 


= ^668 = 


^778 = 


■■ -V3/3. 



—dzm — — ^377 



In the case of SU(n), the (n 2 — 1) matrices V of the fundamental representation can 

■T 

be separated in two classes, symmetric matrices LP = U and antisymmetric matrices 
V = —V. A set of numbers satisfying the former relation is put Fi with (n — l)(n + 2)/2 
numbers and that of the latter F 2 with n(n — l)/2 numbers. Then it follows that the 
representation matrices {(L 2 <g> (U — LP T )/2, r 2 <8> (L k + L kT )/2}, which are antisymmet- 
ric and are equivalent to the (n 2 — 1) matrices contained in the n(2n — 1) represena- 
tion matrices of the group SO(2n), become {L 2 <g> LP, r 2 <g> L k } for j e F 2 and k G Fi. 
Thus, they satisfy the same commutation relation as those for D , because the relations 
[A <g> B, C <g> D] = [A, C] <S> BD + CA <g> [B, D] holds and the first term vanishes. However, 
the anti commutators {A <g> B,C <E> D} can not be expressed in terms of the above anti- 
symmetric ones because these commutators are symmetric matrices. In the case of SU(2) 
and SU(3), Fi consists of the matrices with the numbers {1,3} and {1,3,4,6,8} and F 2 
with {2} and {2,5,7}, respectively. 
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